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Abstract 

A number of formulas are displayed concerning Whitham theory for a simple example 
of pure N = 2 susy Yang-Mills (YM) with gauge group SU(2). In particular this serves 
to illuminate the role of A and T\ derivatives and the interaction with prepotentials 
F sw (Seiberg-Witten) and F w (Whitham). 



1 INTRODUCTION 

One knows that there are remarkable relations between integrable hierarchies, N 
YM, and Whitham theory (see e.g. 



2 susy 



10, 11, 12, 13, 23, 24, 25, 26, U 



38, 39, [5^]). There is also a stringy background involving Calabi-Yau (CY) manifolds, 
mirror symmetry, and branes (see e.g. |28|, 32, I37J) but we go back to more elementary 



matters involving SW curves in order to clarify the role of Whitham dynamics (cf. also 
§, a H 0, §, g |(| ||, m, H, H], H, H, g for related papers). A basic reference 
is |27j which shows how A and T\ derivatives are related in the Toda framework (cf. also 



P2 , 13 , £4|) and we adapt this to the example in [p6| to obtain similar relations plus a number 
of new formulas and some richer perspective. Another interesting matter involves relations 
between WDVV theories for F sw and F w ; this was discussed briefly in [12, 13 1 and, using 
[2|, will be developed further in fTJ] (cf. also @, 0, § @, ||, [36|, [I], H H El)- 



2 THE SU(2) EXAMPLE - TODA FORM 



One goes back to pi] for this (cf. also §, M, IM [27], M, p§, M, El M, |5(| for example - 



many other sources are omitted here to keep the bibliography finite). Thus without going 
into the physics here we follow fll3|, 27, EJ| at first and look at the curve (g = N — 1 = 1) 



P(X) = A 2 (w + 



1 



w 



A 2 I ir 



P 2 - 4A 4 



with (•) w = (1/2A 2 )(P + y) and w 



-i 



P(A) = A 2 



u 



= (1/2A 2 )(P - y); also (it = u 2 ) 
(A - Ai)(A - A 2 ); u = AiA 2 ; 



(2.1) 



(2.2) 



1 



l °9 ( 1 - J) = - E % h 2 = h = u 



Further on a given curve (u and A fixed) 



dw Xdy XdP XP'dX 2X 2 dX 

db S w = X — = — — = = = ; (2.3) 

w P y y y 



<j> A <iSsw 



XP'dX f 2X 2 dX 



Ta VP 2 - 4A 4 J A VA 4 - 2uX 2 + u 2 - 4A 4 
while from 5P + P'5X = with 5P = —5u one has (5w = = 5A) 



ddSsw 



du 



dXdw dw dX ,„ .. 

dv (2.4) 



=c du w P'w y 

leading to (<(fc) da/du = § A dv = a and we take dw = {\/<r)dv as the canonical holomorphic 
differential. More generally from (•) one has 

8P + P'5X = NP5 log(A) + y— (2.5) 

w 

REMARK 2.1. Let us show how two relevant standard representations of an elliptic 
curve are related (cf. |]32| , |33||). Thus consider (#) y 2 = (x 2 — u) 2 — A 4 with u > A which 
can be written in the form y 2 = Y\^{x — ef) where ef = —\/u + A 2 , ej~ = —\/u — A 2 , and 

= Vu + A 2 with e^" = y/u — A 2 (note that a factor of 4 in 4A 2 is omitted here from 
(2.1) - it will be inserted below when needed). One can then produce a transformation 



x — ► [(ore + b)/(cx + (i)] taking — > oo, e^f — > —A 2 , and — > A 2 yielding an equivalent 
curve with branch points ±A 2 , u(u,A), and oo. Such a curve can also be described via 
y 2 = 4(x — A 2 )(x + A 2 )(x — u) which corresponds to a curve y 2 = 4x 3 — g2{u)x — g?j{u) 
related to the Weierstrass V function 

* ( * T,= ? + J^(sV^) (2 ' 6) 

with x = V and y = V' . Here L is a lattice with basic parameters w\ = tt and ui2 = m~ 
where W2/W1 = r. It will be convenient now to express a version of the above calculation 
as follows. Write Q{x) = (x — a)(x — b)(x — c)(x — d) and set x = a + (1/z) to get 

Q{x) __ C- t )C-c)( a -^ M; 5(z) = / + / + / + ( , 7) 



It follows that (dx/\/Q(x)) = —(dz/\jQ(z)) up to a constant multiplier. If now we want 
ef = a —>■ oo then write b = ej , c = e^~, and d = so in particular a — c = —2\/u + A 2 . 
Thus a — b = y/u — A 2 — yfu + A 2 with a — d = —y/u + A 2 — y/u — A 2 . We now map 
l/(o - 6) -> A 2 and l/(a - d) -» -A 2 via 

*-<T- 2A * Z A 2 ( U + A2 ) 1/2 (28) 
Z ^ C -~(u-A 2 )^- A {u-^ (2 ' 8) 
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This leads to 

y 2 = Q(x) = x^_zx_^r_^ (c + A 2 )(c + A*)(c - fi) (2.< 



2 _ nr„\ - (a ~ b){a - c)(a - d) 2 , 



for some u = u(n, A) and then scaling via z 4 y 2 = rj 2 {a — b)(a — c)(a — d) we obtain 
(••) rf = (C + A 2 )(C - A 2 )(C - u). Thus we can work with (#) y 2 = (x 2 - u) 2 - A 4 
(Toda form) or with (••) rf = (C + A 2 )(C - A 2 )(C - u) (KdV form). Mathematically they 
would appear to be equivalent formulations but physically one is interchanging electric and 
magnetic sectors (cf. |3^, [49]]). For the curves (Jfr) one has cycles A surrounding ef and ej 

and B surrounding ej~ and with e.g. § A ~ 2 J e + . Thus it is probably easier to work with 

e i 

(••) for the pure SU(2) theory although for general Nf and N c one has a canonical Toda 
formulation involving curves such as (#). 

Let us now give a description of the curve (#) in different parametrizations follow- 
ing |lj|, 27] but we now insert A 2 in the formulas; the calculations are worth seeing for 



comparison with the modified treatment below for the curve in KdV form. We write 
z ~ as a local coordinate near oo± where oo± refers to A — » oo (which is not a 
branch point) and recall again (#) y 2 = (A 2 — u) 2 — A 4 = Fjf ( A — e^ 1 ), so oo± ~ (y, A) = 
(±,oo). From (•) w = (1/2A 2 )(P + y) and if;- 1 = (1/2A 2 )(P - y) one sees that = 
(1/2A 2 )(P ± y) ~ (1/A 2 )P(A)(1 + 0(A~ 4 ) near oo±. To see this note P(A) = 0(A 2 ) and 



u; ±1 = (l/2A 2 )P(A)(l±(y/P)). Then from y 2 = P 2 - 4 A 4 one has (y 2 /P 2 ) = 1-(4A 4 /P 



2\ 

1-0(A -4 ) which implies that y/P = 1 + <3(A~ 4 ). Consequently one has w ±l ~ (1/A 2 )P(A) 
near oo± and we note w(\ = oo + ) = oo with w(\ = oo_) = 0. The curve is clearly hyper- 
elliptic in the (y, A) parametrization but not in the (w,X) parametrization (w + tu )A 2 = 
P(X) = A 2 — u where A£ = w^ 1 / 2 ~ AA _1 near oo + and A£ = w 1 / 2 ~ AA _1 at oo_ (i.e. 
A£ ~ w Tl / 2 at oo±). Now one defines differentials d£l n ~ ±w ±n / 2 (dw/w) = (2/n)dw ±n l 2 
near oo± corresponding to dVt n ~ (2/ra)<i(A£) _ ™ near oo^ so dVt n ~ — 2A~ n £~ n_1 <i£ with 
normalization § A d£l n = 0. In taking residues at £ = one has two points oo± to consider 
where A£ ~ w^ 1 ^ 2 so ~ p 1 / 2 in the w parametrization and d£l n has two poles. One 
can also look at the hyperelliptic parametrization (y, A) with two sheets and talk about 
dQ^ based on £ ~ A^ 1 with a single pole at (±,oo). We also consider the differentials (cf. 



,n/ 2 r N dw 



[16, ^] for clarification) 

d(l n = Pl l U\)— (2.10) 
w 

having poles at £ ~ w^ 1 / 2 corresponding to oo± which are to balance those of dQ. n in a 
formula (dO, n = dQ, n — {§ A d£l n )duS) 

ddS ddS 

dS = ^2T n dfl n = adw + ^T n <if2 n ; = dw; = dQ n ( 2 -H) 

where a and T n can be taken to be independent (cf. (TO, pTJ). We note that these dQ. n do 



not coincide with those of [1C, [4(| (nor do the T n ) but essentially we only deal with T\ and 



d£l\ ~ d£i[ + dft 1 here and these will be the same. In fact we work entirely in the KdV 
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framework starting in Section 3 and primarily with a standard T\ and d£l\ as in ||To| , |46| ; 

1 /2 

a T3 and dQ^ are indicated in passing and these are made explicit. Now from P + (A) = A 
we see that dCli = dSsw and near oo± one has dfli ~ =F(2<i£/£;) via A ~ and d£ = 
^{l/2)w^ 1 / 2 ^ 1 dw. Thus in particular this is compatible with d^l\ ~ ±w^ zl ^ 2 (dw/w) ~ 
±(AO~ 1 (dw/w), or more generally dtt n ~ ±(2/n)ci(A£)~ n ~ =F2A-"((i£/£ n+1 ). Now from 
( |2.11| ) we obtain the Whitham dynamics of u from 



ddS 



dCl n + ^ T r, 



ddCl m du 



d£l r 



du dT n 

du f ddCl 



(2.12) 



1 A du 

since § A dVt n = 0. But a basic assumption is that ddS/du = dV where dV is a holomorphic 
differential (which can be achieved via a stipulation ddfl n /du = (3 n dw), and of necessity 
dti n = dQ n + c n duj (where § A dCl n = c n ). Thus § A (ddCl m /du) = § A (5 m duj = f3 m and ( 2.12 ) 
implies (44) du/dT n = -c n (£ TmPm)^ 1 . 

Now the procedure of [p7| (reproduced in [|13|) gives an abstract formula (u ~ U2 ~ /i) 



(9u 



dZo 5 (A) 



2u — a 



Ou 
da 



(2.13) 



(cf. below) as well as an expression for du/dlog(A) in terms of theta functions (which we 
omit here). To see how this goes we recall first (cf. ^?|) an abstract derivation of 
connections between log(A) and log{T\) derivatives. Thus first note from ( [2.11 ) that 



i dS= ^ Tn L 



(ffL 



T iai + 0(T 2 ,T 3 ,---) 



Hence for our example a = T±a + 0(T2, T3, • • •). Next write from ( 2.1 

5w 



5P + P'5X = 2P5 log{h) + y- 



(2.14) 



(2.15) 



so for 5w = one has (44) P'5X-5u = 2X5X-5u = 2P5log{A). Also note from P = X 2 - 
one has (• • •) XdP = X[2Xd\] = 2(P + u)dX. Hence from (44) for 5w = 



5a 



5X^ 

A W 



dw 



5u & — \-5log(A) r ri 

T A 2Xw yy Ja P' w 



2Pdw 



(2.16) 



Recall now dv = (l/P')(dw/w) = (dX/y) and da/du = § A dv = a so for 5a = one obtains 



du 



dlog(A) 



dv = — <p — — — 



2Pdw 



2PdX 

y 



XdP - 2udX 

y 



- a — 2u (J) dv 



(2.17) 
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Thus, multiplying by du/da = l/cr we get ('. 



2.13 



i). Next from ( |2.14| ) one has 



5a = a5T x + T x Sa + C>(T 2 , T 3 , ■•.)=*• (2.18) 

^5a = a5 log{T{) +T x i 5X— + 0(T 2 , T 3 , ■ ■ ■) 

J A W 

Hence for constant A and T n = for n > 2 (with a and T n independent) 5a = implies 

<9A du; f d\ du dw 



a 

n 



A dlog(Ti 
du 



w 



dv 



A dudlog(Ti] 
du 



w 



-a 



8 log^) J A d log^) 

Thus we have —a{du/dlog(Ti)) 



(cf. (fy) and (*) da/du = a 
a(du/dlog(A)) = —a + 2uida/du) from (|2.17| ), which implies 



(2.19) 

a from fl2.19| ) and 



du 



d log^ 



du 



a du 



a da dlogih) 



2u da 
a du 



du 



dlogik) 



2u 



(2.20) 



REMARK 2.2. Note that ddSli/du 
(cf. remarks after ( 2.12 )) imply a 
Whitham dynamics in for u become for T, 



dv as in (|2.4|) and dQi = dfii + c\du 



du 
dfi 



0idu> 

§ A dv = j3\ and c\ = 
= (n > 2) 

a a <9u 

Tier Ti 9a 



a. Hence the 



(2.21) 



(recall a = da/du) and this is precisely the homogeneity condition for moduli: T\d\u + 
ad a u = (cf. |I iJ). 



REMARK 2.3. The equations 



5Ti 



?7T 



; A3 A F 



sw 



2T?u 



ITT 



(2.22) 



for T n = (n > 2), from []13| [27]] (with A ~ T\ in the SW theory) should correspond here 
to an equation dF sw /dlog(A) = dF w jd log{T\). This involves a heavy abuse of notation 
since F w — ► .F^VK when T n — ► <5 nj i and thus A seems to acquire a fixed value 1 if A ~ T\. 
Note in [12, |24j] for example that T\ acquires a fixed value 1/iir for pure SUi2) SW 
theory in a slightly different normalization (Aj = 0, N c = 2, m, = 0). The comment in 
[g7fl in this regard is that the SW theory itself allows for T\ derivatives since after rescaling 
hk — > T^hk and — > T^Tik one can identify T\ with A, and A is explicitly present in the 
SW theory (which is rather confusing). We will clarify all this below for the curve in KdV 
form and similar considerations apply for the Toda form. 



5 



3 EXPLICIT FORMULAS FOR THE KdV CURVE 



We consider the curve now in the form (cf. Remark 2.1) y 2 = (A — A 2 )(A + A 2 )(A — v) as in 
0, |7], ||, 26. [J^. [19|] . First we want an explicit connection between formulas based on the curve 
in two equivalent forms (A) y 2 = (A — A 2 )(A + A 2 ) (A — v) and (B) rf = (^— l)(^+l)(/x— v). 
Thus in (A) set A = A 2 fi to get y 2 = A 6 (n - l)(/i + l)(/i - v) for v = v/A 2 . Then set 
y 2 = A 6 r] 2 for the form (B). Compare then e.g. the formulas 



a(v,A) = — 



V2 f A2 d\V\ 



vr J-A2 VA 2 - A 4 



y/2 f 1 d[A\fjT 



IT J-l y/jj? 



(3.1) 



from 0] and respectively where e.g. dSsw = (l/ 7r V / 2)[(A — v)d\/y] with ddSsw/dv = 
-(l/27iV2)(dA/2/). Setting A = A 2 // again one obtains a(A,v) ~ Aa(v = (v/A 2 )) (which 
corresponds to Ab(v) in @), and similarly a D (v,A) ~ Aa D (v = (v/A 2 )) where a D (v,A) = 
(\/2/tt) J^W^ — v/\/\ 2 — A 4 ]dA. We recall also the Picard-Fuchs type equations 



(1 - v 2 )df 



a 



A(v 2 - A 4 ) 



a 



(3.2) 



In [f7|] one concludes that aF// w + AF)? W = 2F SW since r = is dimensionless and 



thence from 2F 



sw 



aR 



SW 



-8-Kiv / An 2 



-(2w/n) that APl w = -(2iv/n) (cf. below 



for more detail). Further, beta functions are defined in [0] via 

P(r) = Ad A r\ v=c ; P a (r) = Ad A r\ a= 



(3.3) 



Some calculation gives then for G(t) = v/A 2 the formula Ad A G = —2v/A 2 so Ad A G = 
Ad T Gd A T = P(r)d T G = -2v/A 2 = -2G which implies (3(r) = -2G/G T and G(0) = 1 can 
be shown. This leads to 



v = A 2 exp 



(-2 fj-\ X )dx) ^ v(r) = (^\(r )e- 2 ^~ 1{x)dx (3.4) 



Then from 2P SW - aF^ w = -(2w/tt) = AF[ W one has 



d A F 



sw 



2ivA 



TT 



-2 { T f3~ 1 dx a j-iSW I \\ A r. SW I a \ ~ 2 II 13 ldx /or\ 

e Jo ^ = d A F svv (a, A) = — <9a F jw (a , A )e Jt o (3.5) 



A, 



Another expression for /3 arises from (cf. Q and recall a(A,v) ~ Ab(v) with v = v/A 2 ) 

dr = (d A r) a dA + (d a r) A da = (d A r) v dA + (d v r) A dv; (3.6) 
da = (d A a) v dA + (d v a) A dv = bdA + Afr'cft) = (6 - 2vb')dA + A'H'dv 



This leads to 



(9at)„ = (9 A r) a + (6 - 2^6')(9 a T) A 



(3.7) 
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But moduli are homogeneous functions of degree zero, i.e. 

a(d a r) A + A(d A r) a = (3.8) 

This can be seen in various ways (cf. f7L [30|) and is shown explicitly below. Now using fl3.8|) 
in (3.7) one obtains (recall a = Ab) 

0{t) = A(d A r) v = -a(d a T) A + (6 - 2vb'){d a T) A = -2Avb'{d a T) A 



2vb' 



-A6(a a r) A from(P). Note also A{d A r) 



(3 a (r) (3. 
= -a(d a r) A 



since f3 a = A(d A r) a = -a(d a r) A 
-Ab(d b r/A) A = -b(d b T) A . 

Let us go now to []26[ and rewrite some of the formulas with A 2 inserted. First from || 
the notation will involve u — > v and x ~ z — > fi with 



Aa = Av / 2(t) + l) 1/2 F --,-,1 



1 1 



,D 



Ad 



D 



T T ' v + 1 



1 1 A 2 — v 



2'2' ' 



(3.10) 



Now as in 26 j, first in the (z,u) notation, one can look at the elliptic curve as a finite 
zone KdV curve (e.g. think of an elliptic 1-gap solution to KdV based on the Weierstrass 
V function) so that there can be a background KdV theory associated to the curve (cf. 
0, [U], [TI| |25], [I?]] for more detail). Here one recalls that for KdV there are differentials 
dQ.2j+i{z) = {Pj+ g {z) / y{z))dz; y 2 ~ (z 2 — l)(z — u). In particular one writes 



dp = dflj 



z — a(u) 
2/0) 



dz; dE = dQ,3(z) 



z 2 - \uz - (3(u) 



dz 



(3.11) 



The normalization conditions § A dVti = yield a{u) and (3(u) immediately. Associated with 
this situation we have the classical Whitham theory (cf. 0, [H], 11, 23. ^5|. 34. |35|. 36. Em) 
giving (t n -^T n = et n , e -> 0) (ddn^z) / dTj) = (dd£lj(z)/dTfr d^(z) = (ddS(z)/dT i ) 
where dS is some action term which classically was thought of in the form dS = lidfij. In 
fact it will continue to have such a form in any context for generalized times Tj± (including 
the di) and generalized differentials dO,A (cf. HH). It is shown in [^6| that 



dS(z) 



T t + T 3 {z + -u) + 



z — u 

x — —dz = g(z\Ti,u)\sw(z) 



(3.12) 



where Xsw is the SW differential (z — u)dz/y{z) (actually Xsw = nV^dSsw - cf. (p])). 
The demonstration is sort of ad hoc and goes as follows. Setting T2k+i = for k > 1 and 
computing from ( 3.12| ) one gets 



ddS(z) 
dTi 



z-u- (~Ti + -uT 3 )— -—: 
2 4 dTiJ y(z) 



(3.13) 



7 



ddS{z) 

on 



1 2 1 3 du\ dz 

-UZ U — (-11 + -UI3)—— ——; 

, 2 v 2 4 J dT 3 J y(z) 



so requiring d\dS = dft\ and dsdS = df2 3 gives via fl3,ll|) 



, 1 ^ 3 m . 
(-Ti + -«T 3 ) — 



a(u) - u; (1^ + f «T 8 )|| = 0(u) - ^u 2 (3.14) 



Hence the construction gives a solution to the general Whitham equation of the form 
(WW) 8u/dT 3 = v 3 i(u)(du/dT 1 ) with v 31 = [P{u)-(l/2)u 2 ]/[a(u)-u] = [d[l 3 (z)/[dCli(z)] 
(evaluated at z = u), which is what it should be from the general Whitham theory (cf. 



K 



H). It follows that (modulo a constant) 
a = — <j> dS(z 



t 3 =t 5 -- 



1 1 dS(z) 
-11 Jb 



T 3 =T 5 -- 



(3.15) 



Note here 0-/Ti)dS\ T = \{z — u)/y(z)]dz = Xsw 1S nne but one does not seem to have 
the form dS = adw + ^T n dVl n as in j3(| (cf. also Jl^, [ll]]) where cdu = dz/y(z) = dv is 
a holomorphic differential with § A dco = 1 and § B dco = r. To put this in a more canonical 
form one obtains a via 



dSli = 



z — a 



dz 



.1 J a y 

2 



zdz 1 f zdz 

ac =>■ a = - 

a y c ja y 



— (3.16) 



Similarly (1/c) ^[(z 2 - (l/2)us)/i/]de = (3 and for T 3 = 



dS = TiA = Ti 



z — a a — u 
+ 



y 



y 



dz = Tidfii + T\{a(u) — u)cdu> 



(3.17) 



Thus T\{a{u) — u)c ~ T\a (~ a in (2.11)) where 4o = § A X here, and we refer to Q3.22| ) for 
a slightly "refined" version. 

Let us now put in the constant and A so dSsw = (l/^V^Asw with a = § A dSsw = 
(I/71V2) § a x sw as in flO|) and we set u = v/A 2 with z = A/A 2 . Then A 6 y 2 = (A 2 - A 4 )(A- 
v) = rf (here r\ <-> y in (B)) with cte = A _2 <iA and 



(A — d)(iA 
Ar] 



1 ~ (A 2 - (1/2)^A - /3)riA 

do 3 = Wrj 



(3.18) 



where a = A 2 a{v/A 2 ) and f3 = A 4 /3(w/A 2 ). Further (SW) dS SW = (l/vy/2(\ - v)dX/rj) = 
(A/it\/2)\sw since Xsw = [{z — u)/y]dz = (A — v)dX/Ar/. Now we can drop the A and A 3 
factors in dQi and dfl 3 (they do not affect normalization and only contribute a multiplier 
to the asymptotics) and simply take dSsw as h 1 (SW) with § A dSsw = a to coincide with 
(3.1). Then use § A dVLi = to get 



A — a 



-dX 



XdX 

A V 



a (j> dv 



. 1 
a = - 



XdX 



c Ja v 



(3.19) 



S 



(i.e. dv = cdCo where duj is the canonical holomorphic differential - note dv = (dz/y) = 
(dX/Arj) = (1/A)dv). Similarly (E) (1/c) £J(A 2 - (l/2)Xv)/rj]dX = j3. Now one can write 



T\dSsw 



Ti 



Ti 



A — a a — v 
+ 



7T 



V2 



r\ rj 
c(5 — v)duj + dCli] 



d\ 



(3.20) 



with (EE) a = (1/tt\/2)c(5 - v). Similarly T 3 [z + (l/2)u]dS S w 

becomes 



A + (l/2)tA / (\-v)d\ 



A 2 



7T 



V2 V 



1 



dfl 3 + ( - -v 2 ) — 



dX 



(3.21) 



leading to 

PROPOSITION 3.1. The differential dS of ( fug) has a "canonical" form 

1 



dS = [Ti + T 3 (z + (l/2)«)]d5swr = Tx 
T 3 f,^ 1 



adu + 



vrV2 



+ 



(3.22) 



+ - 



dn? 



f3 — -v 2 cduj 



A 2 lTy/2 

Apparently the only reason for the T3 term in p(| was to exhibit the Whitham equation 
(WW) but this has basically nothing to do with SW theory as such. In order to study 
relations between T\ and A derivatives we set now T3 = and look at Whitham theory 
based on T\ and a, so 



dS = Tiaduj H j=d(li = r ydu) + T\d(l\ 



7T 



V2 



(3.23) 



where 7 = aT\ is used instead of a as in ( p.ll|) since a, 5 appear here already with other 
meanings. Here A and v will satisfy (§ A duj = 1) 



c(v, A)doj = dv = — ; a = -=c{a — v): 

V tta/2 



(3.24) 



„ 1 
a = - 



XdX 



a(v,A); dti\ 



A — a 



dX; dCli 



c J a V V vr\/2 

The object now is to understand the relations between T\ and A derivatives related to F sw 
and F w . 

REMARK 3.2. Note an argument analogous to (]2j), <$2A$ ), ( pT20| ) can be 

envisioned based on rj 2 = (A 2 — A 4 ) (A — v) via 



2rj5ri = [2A(A - v) + (A 2 - A 4 )]<5A - 3A 3 M(A - v) - (A 2 - A 4 )^ 



(3.25) 
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= (A 2 - 2vX - A 4 )5X - 3A 3 (A - v)5A - (A 2 - A A )5v 

but arguments using this in a manner similar to Section 2 seem too contrived so we prefer 
to work from explicit formulas below. 

We note next that (cf. ([□])) 

l r vT- '• .. Oo i 



dX- — 

ttV2 J a \/A 2 - A 4 " ' dv 



c(v,A) 



A 2vrV2 J a V 27r\/2 
Similarly (considering the A cycle as fixed and encircling the cut) 



da 
OA 



3A3 : r 



X-v 



2ttV2 J a r?(A 2 - A 4 ) 



dX 



(3.26) 



(3.27) 



A 2 

This integral cannot as such be written as 2 f_^2 and moreover we probably should better 

consider 2 J!^ 2 for a directly and include variation of end points with A. (in fact ( |3.27| ) 
seems incompatible with explicit formulas as in ( 4.26| ) so we will forget it). Here ( 3,26| ) is 
analogous to (<(k) da/du = a. 



We note now from [jTsJ] that for dv = dx/y = dx/y / x(x — l)(x — v) one can write 
7Ti = 2 Jq 1 dv with 7T2 = 2 J" dv (there are too many v, v, and v symbols but no confusion 
should arise). Then compute as in [^] 

1 



(x — v)' 



1 ; Q 2 (I 

2y(x -v)' v \y 



1 



Ay(x — v) 2 



^dv - (4v - 2)d v dv - 2v(v - l)d*dv 



(3.28) 
(3.29) 



-TTi + (2V - l)d v 7Ti + V(V - 1)5 2 7T 4 = 



These are the Picard-Fuchs (PF) equations (cf. also (p.2j)). Applied to our situation we can 
modify the calculations in pl| and consider rj = \/(X — A 2 )(A + A 2 )(A — v) with dv = dX/r]. 
Then 



d v dv = d v I — ^ 



dX 



i] J 2rj(X — v) 



dzdv 



3dX 



4rj(X - v)' 



(3.30) 



Now we observe that 
V 



( Ia^f) = nx^m (<* - A! > 1/2 <* + a2 >- 1/2 + + Al/2 < A - A2 )- 1/2 ) 



+ 



+ 



dX 



2{X-vfl 2 



VX 2 - A 4 



2r]dX 

(X-v)' 



and this becomes 



dX 



(A + A 2 ) + (A-A 2 ) 3(A 2 -A 4 ) 



2r/(A - v) 



2r](X - v) 2 



(3.31) 



(3.32) 
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= (A + A 2 )d v dv + (A - A 2 )d v dv - 2(A 2 - A 4 )d 2 dv = (A - v + v + A 2 )d v dv+ 
+(X-v + v- A 2 )d v dv - 2(A - v + v + A 2 )(A - v + u - A 2 )d 2 dv = 

^- + (v + A 2 )d v dv + ^- + ( v - A 2 )d v dv -2(X-v + v + A 2 ) (\d v dv + (v - A 2 )d 2 dv 



= dv + 2vd v dv - ^dv - 3(v + A 2 )d v dv - 3(v - A 2 )d v dv - 2(v 2 - A 4 )d 2 di = 

= --dv- Avd v dv - 2(v 2 - A A )dldv 
PROPOSITION 3.3. Integrating in Q gives the PF equations (dv = d\/rj) 

= ^iii + 2vd v 7n + {v 2 - A 4 )d 2 iri (3.33) 

where tt\ = 2 J^ A 2 dv ~ § A dv = c = —2n\f2a and 7T2 = 2 J^' 2 dv ~ § B dv. 
REMARK 3.4. In particular we have 

\c + 2vd v c + {v 2 - A 4 )d 2 c = = 2vd v a + (v 2 - A 4 )d 2 a + -a = (3.34) 



for comparison to a differentiated form of the Picard-Fuchs equations from [27 \, namely 
(PF) 4(4A 4 — h 2 )(da/dh) = a (cf. also (|3.2j)). In fact this is exact (modulo some param- 
eter adjustment) since da/dv = a while in (PF) da/dh = a. Consequently one can use 
heuristically 

4(A 4 - v 2 )d v 5 = a (3.35) 
as an integrated form of ( p.34j) (cf. 0, ^] to confirm exactness). 

REMARK 3.5. Let us remark that from Whitham theory with dS as in ( |3.22| ) one 
will have (A, v) as functions of (7, T\) with 7, T\ regarded as independent (cf. ^0|). 
However since a = a(v, A) one can think of a as a function of (7, Ti) or think of v = v(a, A), 
or introduce r = t(v,A) as a modulus with perhaps r = r(a,A), etc. (cf. 0, and 
( |3.1| ) - ( |3.9[ )). Thus we will try to specify the fixed variables in partial derivatives when any 
confusion can arise, e.g. (d\r) v = d\r\ v etc. 

4 PREPOTENTIALS 

Let us try to construct the prepotentials F sw and F w now for the curve of Section 3. For 
the Whitham theory we can use the formulation in for one puncture (based on p6| ) 
and ignore the more extensive developments in [|ll], |l2|, 13 1 based on (ll], ^0|. |23j. [34| . 



We will only deal with the differential dCl\ as in ( |3.23[ ) ) plus the canonical duo (the curve 
will be taken in the form rj 2 = (A — A 2 )(A + A 2 )(A — v) with dv = dX/r/). There will 
be standard formulas for F~ with dS = T\dSsw = Tiadu + T\dCti = ^ydui + T\dCli as in 
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.23j ) (dfti = (l/7r\/2)cif2i) and 7, T\ are independent variables with ddS/dj = duj and 
ddS/dTi = dtli while 



,D _ jpW _ 1 1 m. 1 



(factors of 27ri etc. come and go - these are consistent with [10, 46], but F^ w = § B dSsw m 
so (|3.8|) - ([?!]) may need adjustment when put into the present framework - see remarks 
after Q4.13] ) below). Further 

pW = q iF w = _ ReSoo z -i d §- 2F W = jF™ + T X F™ = — 7 2 + 2T l7 i^ + I?fW (4.2) 

' 2m ' 

and we recall from [10, 46 1 that near A = 00 with z ~ A -1 / 2 one can write 

00 / 00 \ 

dcD = - ^ a ljm z m - l da; d(l x = \ - £ qi, m z m ~ l j dz (4.3) 

(a multiplier c = V2/ir is needed here via ( |4.51| ) below). Next we note that 

8 1 F W = -Re Soo z~ x dS = (4.4) 



00 



= Res 00 z- 1 [ 1 Y, a ^rnZ m ^ 1 + T x {z- 2 + Qi^-^dz = 7^,1 + T iqijl 
1 1 

and r yd 1 F w = (7 /2m) § B dS = r y 2 r/2m' + (^Ti/2%i) § B dVL\ while the Riemann bilinear 
relations give {l/2m) § B dCl\ = a% t i (cf. [jlO|, [5], |5l|). Consequently 

2F W = 7 Ff + T X F? = -^ 7 2 r + 2-yTxax,! + T 2 q^ (4.5) 
' Zm 



Note also (l/2m)F^ = (l/2m) § B d x dS = {l/2m)§ B dVt 1 = 01,1 so (gj) and (gj) are 
compatible. From the above we can also write 

^ = 7 2 ^r + + Iftff " (4.6) 



and we emphasize (as in (^7|) that F w is not jusi a quadratic function of 7 and T%. A 
nontrivial dependence on these variables is expressed via the Whitham equations (here e.g. 
(L) d\du) = d-ydCtx) which involves the dependence of dw and dti\ on (7, T\) (recall also 
( |2.21| ) where the Whitham dynamics (XX) of u correspond to the homogeneity condition 
for moduli). In the present situation one could write for A constant (modeled on ( p. 12 ) and 

dUD) 

d§ = T x dS sw = ydu + T x dn x didS = dS SW + T ^J™ ^ = (4.7) 
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But § A (ddSsw /dv) = da/dv = a from (|3.26| ) and consequently one obtains from the 
Whitham dynamics of v 

dv _ rp _dv_ _ (a o\ 

dlogiTx) 1 8T 1 a { } 



To use (L) let us write (cf. |0|, 0)) 



,z 



m—1 



,Z 



m—1 



(4.9) 



and various arguments yield q\ m = = d 2 F w /dT\dT m . This can be based on asymp- 
totics at oo using the Baker-Akhiezer (BA) function and dKP formulas as in (cf. 
also @). If d n S = B n = X\ with dxS = P corresponds to dKP (cf. @) then at oo, 
d n dS ~ dB n ~ d n dS ~ dCl n . Thus in particular the coefficients in (4.6) depend on 7 and 
T\ and in any event we can write F w as in (4.5), expressed entirely in terms of Riemann 



surface (RS) quantities. It is interesting that the natural modulus r appears here since 
this comes up in discussing the beta function and many formulas are known (cf. g § and 
Section 3). Note that formulas ( |3.1| ) - ( p.9[ ) for example (with T\ = 1) go into the present 
notation via (y,v) — > (r),v). 

Now we have F w given entirely in terms of RS quantities via ( |4.5| ) and this deserves 
attention. Note also, if we regard the curve as arising from a background 1-zone KdV 
situation one can also treat —2Fn as the dispersionless potential U(T\) arising from u(x) 
in the Lax operator d 2 — u(x) (x — > X = T\); we refer to [14, |l5| for discussion of this). 
We remark further that the Whitham equations d^dCti = d\d£b should lead to equations for 
branch point dependence on (7,7\) as in ^qj . This means that (A, v) are functions of 
(7, T\) and the dependence of A on T\ has been neglected so far. In this direction we recall 
d(li = (l/W2)(A-a)(dyr/) where (cf. (EE)) a = (l/?r\/2)c(a - v) and MCj = dX/rj. The 
Whitham equations didoj = d^dCli then entail for A = constant 



cn 



1 



:d. 



irV2 7 VA 2 - A 4 



a 



(q/g) 
v 



(4.10) 



After performing the derivations (with A constant) one multiplies by (A — v ) 3 / 2 and lets 
A — > v; this yields (using d a = Ti9 7 for T\ constant) 



7,A 



-ad-yv\i^\ = T\d\v 



7,A 



+ ad a v\ 



1,A 







(4.11) 



which is again the standard homogeneity condition for the modulus v. On the other hand 
holding v constant and repeating this procedure one obtains, after multiplying by (A 2 — 
A 4 ) 3 / 2 and letting A — > A 2 , we have diA = (c/ir\/2)(A 2 - v)d 1 A - ad^A leading to 



TidiA + ad a A = -2(A 2 



da OA 
dv da 



(4.12) 



Similarly, letting A — > —A one gets Ti^iA + ad a A = 2(A 2 + v)d v ad a A so we conclude that 
d v ad a A ~ d v A = (as could be expected for (v,A) independent) and ( [4.12 ) is again a 
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homogeneity condition. Thus, heuristically one arrives at 



PROPOSITION 4.1. Under the hypotheses indicated, we obtain from the Whitham 
equations d%du = dydCl%, the equations Ti(9iu| 7j a + ad a v\i s /i = for A constant, and 
T\diA\ liV + ad a A.\i, v = for v constant. These homogeneity equations can also be obtained 
from the Whitham dynamics of v as in ( [4.7] ) or A as in (4.16) below. 

It would be nice now to work in r in order to utilize the formulas and techniques of 
@; q> 0> !> H> Hi) some of which is indicated in ( |3.1[) - (|3.9|) . In this direction we note first 
from ( pip and Q that {dX/rj = cdw) 

7T~- / =<rn = tt~- <£ dSsw - z-rp—7= / cdo) =^ 

27TZ 2-7TZ 27T227TV2 •'S 

an = a D + Txadivr = a D + Ti(dia)r (4.13) 

Note again that in Section 3, F^ w = § B dSsw but in Section 4, = {1/2-ki) § B dS and 
we will distinguish whenever necessary. Now consider (in the notation of Section 4) 

d v a D = —l = - — ^-= I - = ^ (4.14) 

2m Jb dv 2m 2-k\/2 Jb r] 2m 

Next we have in a straightforward manner 

cVii = t^t + Ti(d„dia)T + T x {dxa)d v T = (j- + Tiftcr) r + T^a)^ (4.15) 



Now for w constant and variable A (4/7) corresponds to 

dtdS = dSsw + ^^r^ = ^i^0= (4.16) 

which is again the homogeneity condition of Proposition 4.1, derived now from the Whitham 
dynamics of A (cf. (|4.7| )). If we multiply by l/2m and integrate over B one gets further 

BK 

a u =a D + T 1 —d A a D = a D + T^a (4.17) 
oTi 

(note this could also be concluded from (|4.7| ) as in Q4.13|) ). 

Now one goal here is to relate T\ and A in the sense that T\F^ = A.F]^ . Pragmatically 
this is what occurs as shown in jl2| (cf. also Remark 2.3), based on J?], ^4], |3(], |5^| (cf. also 
|52|) and one wants also to reconcile this with formulas like (2.20) for example. There is 
also another problem in determining what depends on what and we will comment on this in 
Remark 5.7. We have seen in (2.5) for example, or analogously in rf = (A — v)(X 2 — A 4 ) that 
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many things can vary together. One sees that a priori dw and dti\ depend only on (v, A) 



while dSsw = (A — u)dA/7rv2 depends only on (A, v). Hence a = § A dSsw, o, 



D 



IB 



dSsw, 



and t = § B dw depend only on (A, v). Now using 7 and T ~ T\ as Whitham times produces 
a dependence of (A, v) on (7, T) so r becomes a function of (7, T) as do the coefficients 
ai m and gxm i n dw and dOi. The defining equations for a and perhaps oP should then be 
considered as "constraints". Note first that no constraint arises from 



7 = Tm = 
which is tautological, while 



Ti dS S w(T,j) = f dS(T,j) =j f dw = 7 
A J A J A 



1 



D 



— I dS(T,i) = — I dw + — I dCii 
2ni J B y ' 2ni J B 2iri J B 



2ttz 



(4.18) 



(4.19) 



which simply defines j D as a function of (7,^). Evidently if dj D /dT 1 / one can 
determine T\ = Ti(7,7 D ) an d we record 



2m 



(4.20) 



(this is a reminder that it would be helpful to have explicit formulas for dw, r, and dCli). To 
see the constraint aspect simply look at the definition a = § A dSsw{v, A) = § A dSsw(a, T\). 
Explicitly one can look at (ETIcD to see that 



V2{v + K 2 ) l ' 2 F 



2A 2 



1 1 

2' 2' ' v + A 2 



(4.21) 



with (y,A) = (v, A)("f,Ti) ~ (v, A)(a,Ti) so a is not unrestricted (cf. Remark 5.7 for a few 
related comments). Let us compute now from ( [4. 21 ) to get 



y/2 y^TTA^ 
2 v + A 2 



F + vWv + A 2 F A 



-2A 2 



\/2Vw + A 2 2AF 



2{v + A 2 ) 



+ vW w + A 2 F 4 



(v + A 2 ) 2 
4A 



(4.22) 



4A 3 



Thus 



2 V / 2A 2 F 4 



2(v + A 2 ) (v + A 2 ) 3 / 2 ' ° A ^ + A 2 ' (w + A 2 ) 3 / 2 
leading to 

PROPOSITION 4.2. The calculations above yield 

Aa 



v + A 2 (v + A 2 ) 2 
Aa y/2F 4 4vA 



+ 



(4.23) 



2(v + A 2 ) 



A_ 

2^ 



OA 



+ A 2 



2to„ + AaA = a 



(4.24) 
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This seems quite charming and we observe that it is also a simple consequence of 
a(t 2 v,tA) = ta(v,A). In particular can we relate this to (ggg) and ( gjgg ). Thus 

27TV2 V 7rv2 ^ 77 

and we abandon here the formula Q3.27D for a^\v since it seems incompatible with (4.26) 
below. Note from ( [4.23 ) the formula (to be used below) 

2^/2A 2 F 4 Aa 2v 



a 2(v + A 2 ) (v + A 2 ) 3 / 2 A v + A 2 A V 2(u + A 2 ) 

2va a ( . v\ 2va a , . 

+ A +T )=— 7~ + T ( 4 - 2 6) 



A v + A 2 \ A J A A 

REMARK 4.3. There seems to be some variety in notation concerning hypergeometric 
representations of a and oP '. Let us recall a few basic facts about hypergeometric functions 
(cf. Q). Thus a standard notation is 

f 1 s b -\l - S y- b -\l - zs)- a ds = r(c ~ 6)r(6) F(o, b, c, z) (4.27) 

Jo r(c) 

For a we will be dealing with b — 1 = —1/2, c — b — 1 = —1/2, and a = —1/2 (thus 
a = -1/2, b = 1/2, and c = 1) and we write ( |4.27| ) via 2 = 1/u and s = (C + A 2 )/2A 2 as 

1 /A2 .(c + a 2 )- i / 2 ( a 2 - cr 1 / 2 ( u - c 4^-\ dc = 



u 1 I 2 J~k^ ' v w \ 2A 2 

_ r(i/2)r(i/2) / 11 2A 2 \ 

f(l) F \ 2 ' 2' 1; ^TA^ J (428) 

Setting u - (1/2) = u/2A 2 and recalling T(l/2) = ^/vr with T(l) = 1 we get 

^=72X2^/^^ (429) 
1 vr 



o(«,A) ^a = v^^ + A 2 ) 1 / 2 ^ 



+ A 2 V2 

confirming (|3.10| ) for a (cf . also Q ) . 

REMARK 4.4. Let us also list here a few more formulas from fl3l"l , |48| of possible use. 
Thus in |l]] r/ 2 = (X-v)(X 2 - A 4 ) and A w = (1/2tt\/2)(A - u) 1 / 2 (A 2 - A 4 )" 1 / 2 ^, which is 
(l/2)dS,sw m our sense, so we multiply the formulas of f3l| by 2 or 1/2 when appropriate. 
Then 

1 /l 1 2A 2 \ 1 (l 3 A 4 \ 

fl,J " V2( W + A 2 )V2 F 1 V 2'2' 1 '^TA 2 J "7^ U'4' 1 ' ^\) ; 
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I 



1 1 A 2 



and for aP there is also an analytic continuation formula given in [[H]] with argument -u 2 /A 4 . 
Another formula mentioned in is 

62 dX - (4 31) 

1 [(x - ei)(x - e 2 )(x - e 3 )]V 2 



V^^Jo [t(l-t)(l-ht)]V* v^F^I V2'2 : 

where /i = (e2 — ei)/(es — e\). Another quantity of interest is f = a D /a which has the same 
monodromy as r = F^ (cf. Q). Evidently from aP = F? w one has also F^ = r = 
a^ 1 /a„ (cf. [31] and note that in this section aP = (l/2m) § B dSsw = F a so aP ja = T/2iri as 
in (414)). Further formulas from |^8| are (for y 2 = (x 2 — l)(x — u) and Xsw = (l/ 7r V / 2)(x — 
uY' 2 (x 2 - I)- 1 ' 2 ) 

* = Wu + l)»F (-1,1, (4.32) 
,o _ ^z» p (I 1 , W> _ J(— 1) F A, 2 , » 



> 2'2' ' 2 / ^(u + l) 1 ^ V2'2' 'u + 1 
(one is interested in different regions of validity) . Further 

1 /ll 2 \ n i (\ 1 l-u\ 



2a/2tt V2'2' + ' u 2 V2'2 
and we can also write 

a u = -#(*:); a£ = —K'(k); a = ^-E(k); a D = ^-[K'(k) - E'{k)] (4.34) 

where k = [2/(u + 1)] 1//2 and K, E are complete elliptic integrals of the first and second 
kind. The usual modular parameter to = iK'/K becomes a^/a u which is the effective 
coupling r = (0/2ir) + (Aiir/g 2 ) One checks easily now that flOp gives the correct value 
a = V2\/v + A 2 F(-l/2,l/2, 1, 2A 2 /(^ + A 2 )) upon substitutions u = v/A 2 and x = A/A 2 . 
For a u we must consider 



9 f (x- u) 1/2 dx 1 /" dx 

au ~d^J A ttV2(x 2 - 1)V2 - "27TA/2 /a V 



v^(w + A 2 )V2 ^2' 2' 'v + A 2 
Here from fl4.25|) we note that a v = a = — (l/27r\/2) §A.(d\/rj) so 

1 f dx A /" dA 



f 7^ 717777 = Aa ^ ( 4 - 36 ) 



2ttV2Jav~ 2ttV2Ja (X-v)P 2 (X 2 -A 4 ) 1 / 
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Hence we must have 
a v -- 



1 (l 1 2A 2 ' 

^2 (u + A 2 ) i/2 i? 1 2 ' 2' ^+A2 



0" 



2vr\/2 



(in agreement with the first formula of ( 4,3C| )) and leading to 



2tt 



1 1 



2A 2 



( W + A2)i/2 F 1^2' 2' 1 ' v + A 2 ^ 

in which form one must note that for the A cycle —A 2 < A < A 2 < v so 

dX _ f dX 
A~n~~?A (w-A) 1 /2(A4_A 2 ) 1 /2 



(4.37) 



(4.38) 



(4.39) 



and we note for v > A 2 that 2X 2 /(v + A 2 ) < 1 so the argument of the hyper geometric 
function is reasonable. 

Next we want explicit formulas for a a and r so consider first (using ( 4.31| ) with e\ = 
A 2 , 63 = —A 2 , and e<i = v) 



_ 1 r dX 2 r v dX 
b UJ ~~cJ b ^^~cJk2(X- vjV^X 2 - A 2 )V2 



(4.40) 



2tt 



c(-2A 2 )V2 I 2' 2 



(l I v-AT 

I _ 2A2 



IC 



2*_ F 1 I x 
V2A I 2' 2' ' 2A 2 



This should be compared then to r = ja v or (via ( p0| ) and ( |437|) ) 



2^ 

icA 



1 1 A 2 -?/ 
2'2' 1 ' 2A 2 



(4.41) 



Thus ( 4.40| ) and ( 4.41| ) agree if we multiply ( |4.40 ) by 2 (as indicated earlier for formulas of 
l|). Explicitly now, using ( 4.38 ) we have 



PROPOSITION 4.5. Under the hypotheses indicated 

_n/2> + A 2 )V2F 



A 



1 1 i 2A 2 
2' 2' x ' tTTA 7 



(4.42) 



The range of validity is |(A 2 - w)/2A 2 | < 1 and |2A 2 /(w + A 2 )| < 1 which gives a common 
region A 2 < v < 3A 2 . For other values one would need analytic continuation formulas for 
example which exist in abundance. 

Next consider <za and we'll try to make sense of ( p6D - First (fO|) gives (cf. ( |424|) ) 



fl-A 



2v a 
~A~ av + A 



V2i 



Aiv + A 2 ) 1 /' 



-F ill 



2'2' 'v 



2A 2 ' 
+ A 2 



+ 
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V2(v + A^ ( 1 1 2A 2 \ 
A { 2'2' % + A 2 J 

Then differentiate a in (|4.21|) directly to get (F = F(-l/2, 1/2, 1, 2A 2 /(v + A 2 ))) 



Now for example (cf. 



OA = V2(„ + A=)-'/ 2AF + _i^ 7 _ Fl 



4~F(a, b, c, z) = — F(a + 1, b + 1, c + 1, z) 

az c 



which implies 



a A 



V2A 



1 1 2A 2 N 

2' ^'^T+a 2 



2A 2 \ 

+ A 2 ) 3 / 2 " 12'2'^'uTA 2 ) 



A / 1 1 



( U + A 2 )V2- 
We note now the relation (cf. 

cF(a, b, c, 2) — cF(a + 1, 6, c, z) + bzF(a + 1, 6 + 1, c + 1, z) 



F 



~2'2' M 



1 1 



2'2' 



1 3 



2' 2 



(where z = 2A 2 /(v + A 2 )). Using this in (|4.46|) gives 



OA 



V2A 



1 1 



2A 2 \ 



V2v 



(v + A 2 ) 1 /^ { 2'2' 1 'w + A 2 J A(u + A 2 )V2 
2A 2 



F 



1 1 



1. 



Hence 



A 



jy/2 



2'2 ! 'w + A 2 
2A 2 \ 



/l l 

A ( w + A 2)i/2 F I 2' 2' 1 ' v + A 2 



\ _ /_1 1 2A 2 \ 
J " V 2 ! 2' '^T+A*/ 



V2(, + A 2 )V 2 / 1 1 
+ A ^ "2-2' 1 'v 



2A 2 \ 
+ A 2 J 



(4.43) 



(4.44) 



(4.45) 



(4.46) 



(4.47) 



(4.48) 



(4.49) 



which agrees with ( |4.43| ). 

We consider also now the dependence of the coefficients an and qn on (A, v) via dw = 
-£i° ox m z m ~ x dz where z ~ A" 1 / 2 and dQi = (-as" 2 - £?° gw m_1 )cfe. Here dfii = 
(l/7rV2)dni = (l/vr v / 2)(A - 5)dA/?7 and a = (c/vr\/2)(d - u) (cf. (EE)). Thus for small 
z ~ A" 1 / 2 one obtains (via (1 + x)" 1 / 2 = 1 - (x/2) + (3x 2 /8) + • • •) 



dX 



dX 



7] [(X - v)(X 2 - A 4 )] 1 / 2 



-2dz 



1 9 

1 + -vz 2 H 



(4.50) 
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Hence (Q) an = 2/c. Further we also have 
1 



v-2 



d)(-2 



)cfe 



dz 
tt\[2 



\-2z~ 2 + (2d -v) + 0(z)] (4.51) 



This gives the multiplier c = y/2/ir of ( |4,3| ) and exhibits (R) q\\ 
— (v/iry/2) — (2a/ c) = — (v/ Try/2) — dan. Summarizing gives 



(v - 2d)/vr\/2 



PROPOSITION 4.6. Under the hypotheses indicated g n = -(v/iry/2) - aa u with 



(t; + A 2 ) 1 /2 



\2> 2 



2A 2 

2' i ' ti+A 2 



911 



tt\/2 



+ 



v / 2(u + A 



2^ F 



l l 



2A 2 



2> 2' > u+A 2 



7T 



i 1 - 1 

\2' 2' 



1 2A .. \ 



(4.52) 



Finally, note that a formula for d\u arises in ( p. 17 ) for 5a = so in the present context 
we can write for a fixed a v \^5v + a\\ v 5A = where a v \\ = a is given in ( 4.37 ) and oaI^ is 
given by Q4.26[ ) or (|4.43| ) = d4.49| ). From ( |4.26|) we get in particular (recall Tidiv = -(a/a) 
from (|ST8|) ) a a = -(2va/A) + (a/ A) = -(2v/A)a v + (a/ A) which implies 



PROPOSITION 4.7. Under the hypotheses indicated 

2va , a 



dv a 
a dA + A 



A 



=> Au A = 2n 



- = 2u + ri^iu 



(4.53) 



which corresponds exactly to ( 2.2C| ). 



5 Ti AND A DERIVATIVES OF F 

We go now to F w as (^^) for example and will try to determine explicitly the T\ and A 
derivatives in order to see how it is reasonable to write T\d\F w = Ad\F w . We doubt that 
T 1 d 1 F w and Ad A F sw can be compared (cf. Remark 2.3) so what must be clarified is how 
to deal with the T\ and A dependence of quantities in F w and how to express the sense in 
which A ~ T 1 . Thus 2F W = (l/2m)T?a 2 T + 2T?aa n + T?qu and a priori a, r, an, and 
qn all depend on T\ through Whitham dynamics. Thus from ( |4.11 ) and Proposition 4.1 



one has T\d\v + ad a v = with T\d\A + ad a A = 0. Here the relation d a = Ti<9 7 has been 
used which is appropriate since we deal with <9 7 for T\ = c and d± for 7 = c. Consider now 
an = 2/c = — \ I i:\f2a and q\\ = — (v/ny/2) — aan = — (v /Try/2) + (a/-rry/2a) so one has 

2F W = ^-a 2 r + 2T 2 aa u + T 2 ( V -= - aan) = (5.1) 

2m \ 7rV2 / 

T 2 v 7 2 r T l7 



ny/2 2m iry/2a 
We can assume 7 and T\ are independent to obtain 

if* = _ m^L + fpL _ 7 _ In , 
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On the other hand F w (T\ = 1) ~ p^w j _ > a anc j e g 



sw 



d A F 



sw 



7T- 5 A (aV; 

ZTTl 



V2a 



7T 



(5.3) 



For the d\ derivatives in (5.2) one can in principle assume 7 fixed with (v,A) functions of 
T\. Hence 



diF 



w 



V2T lV Tfd-iv 



7 



7T 



7T 



y/2 irV2a 



+ 



(5.4) 



^ r 1 ju 1 a 1 

+ 7T- T« A«l + Ta|„AiJ -= 

Z-Kl 7TV2 



c\,<T Uvi + 5a<T LAl 



We have at our disposal now explicit formulas for the v and A derivatives as well as relations 
such as 4(A 4 — v 2 )a v = a, T\V\ = —a/a, etc. First consider d\F sw from Q5.3j ) in the form 
(y constant) 



1 



d&F = — 

ZTTl 



2aciAT + a ta 



1 / <^A _ afjA 
ttV2 \a d 2 ) 



(5.5) 



From (T) we have now Aga = a — 2va while Ata = P(t) from (|3.3| ). For <r = —c/2^^/2 we 
consider (cf. (|4.38| )) 

A v + A 2 ( w + A 2 )5/2 ^' Dj 

This is not the same as that arising in ( 4.21 ) - (|4.22|) but since we know a v we can 
eliminate F4 via c v . Thus 



47rA 2 F 4 



2(v + A 2 ) (v + A 2 ) 5 / 2 



(5.7) 



This implies (after some calculation) 



ca 



v _ c 
A^ " 2A 



1 + 



A 2 



u + A 2 

PROPOSITION 5.1. We can write in two ways. First directly 



(5- 



Aca + vc v 



1 + 



A 2 



+ A 2 



(5.9) 



and second, using c = -2TtV2a and 4(A 4 - v 2 )d v — a one has 

A 2 



Aca +2 



1 + 



+ A 2 



nva 



-VCn, 



\/2(A 4 - v 2 ) 



(5.10) 
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This now gives us all the ingredients needed for (5.5). Thus, writing a\ = —c\/2iry/2, 
we have 

1 ' ' '* " (5-11) 



A8 A F SW = 2ar{a - 2va) + a 2 (3(r) 
2tti 



1 



a — 2va 



IT 



V2 



+ 



a 



2vrv / 2(5- 2 



■rrva 



+ irV2d 1 + 



A 2 



y2(A 4 -v 2 ) V v + A 2 / 

which is of possible interest due to the presence of the beta function. Consequently we state 

PROPOSITION 5.2. From fu| ) follows 

1 



Ad A F 



sw 



2-ni 



2a 2 r - 4vaor + a 2 /3(r) 



(5.12) 



7T 



V2 



a va 2 a I A 2 

d ~ 4a 2 (A 4 -v 2 ) + & { VTA 2 



-(2iu/n) 



2F — aF a \\ which is 
ia,|5CL|53|). It is not 



Now we want to check the vague formula (U) Ad\F 
supposed to agree somehow with T x d x F (cf. @, |, [i]§ 
clear here a priori how this role T\ ~ A arises or what the exact statement should be. In par- 
ticular (U) is presumably valid for F = F sw but d±F is defined only for F = F w . Moreover 
pSW ^ pW ^ _^ go ^ j g no |. c j ear ]^ow A ~ T\ can be managed. First let us clarify some 
matters of homogeneity. The argument is made in M, |5(| that since r = F aa is dimensionless 
one has aF a \\ + AF\\ a = 2F (where F ~ F w ). In dealing with F sw ~ F as a function of 
(a, A) we are using F = F(v, A) with a = a(v, A). Then if a v ^ one solves for v = v(a, A) 
and puts this in F = F(v,A) ~ F(a, A). Recall also a„ ~ a so generically this should be 
satisfactory. As noted after Proposition 4.2, a(t 2 v, tA) = ta(v, A), leading to 2va v + Aa\ = a 
and similarly one checks that a(t 2 v,tA) = (l/t)a(v,A) which implies 2va v + Acta = — 
Since or = a„ = -(1/2tt\/2) § A (d\/rj) and ra = -(l/2vri)(l/27r v / 2) § B {d\/rj) (cf. (|il4|) ) we 
have also 2v(to) v + A(t5")a = — to. Consequently 

PROPOSITION 5.3. From the formulas indicated follows the homogeneity 2vt v + 
Ata = and from a(t 2 v, tA) = ta(v, A) one gets r(ta, tA) ~ r(t 2 v, tA) = t(v, A) ~ r(a, A) 
which means ar a + Ata = (the dimensionless property). 

One sees also that homogeneity properties can be determined from the hyper geometric 
representations directly. For example in (4.42), setting A = iAo and v = t 2 VQ the argu- 
ment in the hypergeometric functions is unchanged as in the multiplier in front. Hence 
r(t 2 v,tA) = t(v,A). Further from (gjg ) a u (t 2 v, tA) = ta u (v,A) so (V) 2vd v a u + 
ASactii = o"n while qn = —{v/iry2) — ao\\ satisfies qn(t 2 v,tA) = t 2 qn(v,A) (which is 
also obvious from ( |4.52j )) leading to (W) 2vd v qu + A<9aoii = 2q\\. As a result one can look 
at 2F" 



'ar/2m) + 2aa u + q n ] to see that F w (t 2 v,tA) = t 2 F w (v,A) yielding 



PROPOSITION 5.4. For fixed T x the prepotential F 
2F W . 



ir 



satisfies 2vd v F w +Ad\F 



w 
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Further since (v,A) — ► v(a,A) with a(t 2 v,tA) = ta(v,A) we can write for T\ fixed 
F w (v,A) = F w (a,A) (in an obvious abuse of notation). It follows that F w (ta,tA) ~ 
F w (t 2 v,tA) = t 2 F w (v,A) ~ t 2 F w (a,A). Consequently 



IV 



COROLLARY 5.5. For fixed Ti, F w satisfies aF™ + AFf = 2F 

One notes that if F(a, A) is homogeneous of degree two then F aa is homogeneous of 
degree zero. The converse would produce F of degree 2 from r ~ F aa of degree and for 
suitable F this follows frorm (l/t)f(ta) = f$ f a r(ta')da' = J a f a i(a!)da! = /(a). Now the 
general Whitham theory produces T\F^ + "/F^ = 2F W (cf. 0, |(| (|J) and for T x fixed 



with 7 = Tia, F a = T X F 7 yielding (*) T x Ff + aF™ = 2F W ; consequently 

PROPOSITION 5.6. The identification ~ AF^ follows from (*) and Corol- 

lary 5.5. 

REMARK 5.7. There are still various questions of what depends on what and we con- 
sider a few aspects of this here. From Proposition 4.1 we know T\d\v\^ + ad a v\x,i = and 
Ti<9iA| 7j1) + ad a A\i jV = while from ( |4 . 2 1| ) for example one has a "constraint" a = a(y,A) 
and (v,A) = (u,A)(7, Ti) ~ (v,A)(a, Ti). Now first, for say v(7,Ti), one can write 
5v = Vj\i5"f+vi\^5Ti and for T\ = c, v 7 = (1/Ti)t> a with £7 = Ti^a so 5t> = v^iSa+vi^STi. 
Similarly 5A = A a |i<5a + Ai| 7 <5Ti and the Jacobian of the map (a,T\) —* (v, A) apparently 
is, by homogeneity, A = wi A a — v a A\ = 0, which seems curious. Indeed it is wrong since the 
homogeneity relations explicitly require A or v fixed so in fact (A) A = i>i| 7 A a |i — t> a |iAi| 7 
and v a \i for example refers to d a v(a, Ti)\i which is a priori quite different from f a |i,A in the 
homogeneity condition. Secondly, from 7 = T\a(v, A) = k there results 

a + Tia v |A, 7 ui|A,7 + TxaA\ JtV Ai\ liV = (5.13) 



This relation was very productive when either A or v is held constant, as indicated in (4.8) 



and ( 4,16| ). We note that v a |i,A is not the same as v a \^ t \ so the homogeneity conditions 



only produce a formula (Y) a^l^A^al^A + o-A\y,v^a\l,v = 1> of no apparent use. 
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